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Kt (Chadwick, 1932)

1A =100 pm

N=R]

1079 m




Why Neutron Star (54AHH) ? B 2FHH7 - 696,340 km

N magnetic axis

M =1.5~2.0Mg | S\ P74

N ?radio beam
R =10~ 15 km '

. rotation axis
A ~ 10°" nucleons ; /

, 5 outer
| ‘V acceleration
: gap
eTe” pair creation 4.‘ Ne&é{?” L inner

. acceleration

Ultimate testing place for physics of dense matter

open , ’
ng ~ 0.16 fm_3 field lines : .y
B 5 field lines :light
~ 1.6 x 10*m~—3 cyllnder

po ~ 2.04 x 10 kg - m ™ N 5
/ N




Radio (v;/eel;s—years) 7

Kilonova *.

Optical (t~ 1 day) “~.

Merger Ejecta
Tidal Tail & Disk Wind

0.1-03c¢

s

N




Nuclear matter Is not an ideal gas

F. Weber 2005

traditional neutron star

quark-hybrid
star

White Dwarf / Condensed Matter:
»li _ | ron -
} - X AEN(ZE]) | Wing P AR _ neutron Siar ik

pion condensate

- TRV | J=22E

i

|

1 Fe
Neutron Star / Nuclei: : sbaguely stale 108 g ?
| » matter 1011 g/cm3
| _ !
- FERYB YA (B YR B {‘ o
! n -
| - z)l-Al-i I_II-% i strange star

nucleon star
R~10km

=






Pressure

e ————
= _———

~ n=N/V

\\\\_\
S

N
S

\

Radiation pressure of photon & neutrino (I:II T =AM [ [ "
1
Prad — §QT4

Pdeg (Pauli exclusion) Jt

: — - —_— = ___ o

Pressure from strong interactions (Z&=Ar20]| 2fgh =)

Pnuclear matter — -

number density /
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Virial theorem =

" dp 3 2|1 " 2
/ —A4rrodr = P - 4nr ‘0 —/ 3P - Arredr
o dr 0

R /3 1 (R
Fitherm = / (—nkT) drridr = — / 3P - 4rridr
0 2 2 Jo

1

Eiot = Eg + Etherm = 5

1 \

12



Virial theorem

1

1
Etot — EG Etherm — _EG — _§‘EG‘ < O

2

Star forms by slow gravitational contraction

Total energy becomes more negative

- T & der

Fate of stars

1e

- start nuclear burning
- thermal pressure dominates

Sity Increase as star loses energy

Pquantum |_ yeach quantum state
- degeneracy pressure domi

- contraction stops and coo

nates
S down

13



Evolution of star

as star radiates |

Brown  White Dwarf (o/Ne/fe wD) Neutron

Dwarf (He or C/O)

graVity ™ Pdeg, electron

as star radiates R~ fixed
Ty

? Star
Black

graVity ™ Pdeg,nucleon
Hole

gl“aVity =>> Pdeg,nucleon

graVity ~ P, quantum?

14



Initial mass of progenitor star (with solar metallicity)

Brown White Dwarf Neutron Black
Dwarf (Heor C/O) o nepewp) —Star Hole

- -,
0.09Mg 7~ 11Mg 25 ~ 40M

/AMS (zero age main sequence) mass

15



Center of
the Star




Stellar evolution

low- and medium-mass stars
(including the Sun)

‘ ‘:.} .

=¥ white

| " " dwarf
/ main red giant planetary

sequence nebula

high-mass star

L o »

nebula  pigh-mass stars g
neutron

\ . star
. = e
main sequence N - é

red supergiant supernova very high-mass star R

hole

not to scale

2010 Encyclopaedia Britannica, Inc.
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pwp ~ 10° g/cm’

Twp ~ 107 K

Quantum degeneracy pressure dominates : thermal pressure negligible

dP(r) GM (r)p(r)

dr r2

P, ~ 2 x 10*’dyne/cm? A=

Pieg = 3 X 10*“dyne/cm* 4%

22



Thermodynamics

zero temperature limit
without nuclear burning

dP(r) GM (r)p(r)

Hydrostatic equilibrium —

dr 1
dM
Mass continuity y () — 47T7“2p(7"‘)
T
d1'(r) SL(r)k(r)p(r
Radiative energy transport ar — Arr24acT (r)>
dL
Energy conservation d(r) = 47r 2,0(7" Je(r)
r

P = P(p,T, composition)
k = k(p, T, composition)

e = €(p, T, composition)

23
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[Problem 1] The ideal Fermi gas equation of states of white dwarfs or neutron stars, in which
quantum degeneracy pressure dominates, can be represented by polytropic form;

Pdeg _ KF)OF _ Knp(n+1)/n

where K1 (K,) and I' are constants, p is density and n is called the polytropic index.

a) For the comparison, consider an adiabatic expansion of an ideal monoatomic gas for
which thermal (kinetic) pressure, Py, = (p/m)kT, dominates and degeneracy pressure
is negligible. Show that

TVY~1 = constant, P,V = constant, Pk, x p”

where v = cp/cy = 5/3 is the ratio of specific heats (cp: specific heat at constant
pressure, cy: specific heat at constant volume).

28



Polytropic Structure n : polytropic index

[ - - S
” deal Fermigas  p o pY o plnth)/n »‘f
= L e o D
5 _ e
S
g ct) ”
5 [oTTT— - —————
k> . Thermal pressure for an adiabatic process |
o) |
= pV"7 = constant
Cp | N |
| v = —— ratio of specific heats |
L Cy ji




TVY~! = constant, P,V = constant, Py, x p?

AFth= W+ &K= -pON+K
CHAUY  (Pu +pbV=0  (&0)
5 _ d R dV
FH, 8% 4L AEk =vCy N ?ﬁ + CCV\:L g\/ I
5 nCyd T+ pdV=0 Ok _Ce
S v e
- o F\/:MKT
+ ™9; T
é L7 FclV+ dF \/ -mR d | d'PF-\‘- Y %/_\/,:O
o
; C_‘/_ d\/+ d V) + d\/;O
<PV e dpV) 2 JuP+¥ IV =C
CT’QR Pd\/—rc\/ \/dF:O \ Y ﬂMP"F “@n\/'b’ T’-UQM ]Qvf - ,QLA
v \/
R s pvi= dbh

Mono-atomic gas

2
|
Lo | Ot
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|[deal Degenerate Electron Gas

ﬁ/‘ T = 7 ——————————— “H
| AxApy; > h d?’pdV > h3 J} Pquantum (SUN, center) ~ 640 g/ cm®
0 ~ My _ 8mp(3mekT)3/2 pquantum(T — 108 K) ~ 11,000 g/CHl3
quantum ()\6/2)3 h3
T —
4 7T )
| & —P dp —

- Ne, N4+ NUMDeEr density
7~ white dwarfs \\\
| pwp ~ 10° g/cm?

31



Degeneracy Pressure / Polytropic Structure n : polytropic index

deal Fermigas  p o pY o pnth/n
//, Ja— — —— - e e —— \
- Non-relativistic
r
GEJ _9 9 P — S o h? Z 73 5/3 :
re Y= g n = 9 ¢\ 7 5/3 \ A P '
5 20memy |
9'_, Ultra-relativistic ‘
S
8 A a\1/3 . 7\ 4/3 s k
o Y=5 n =3 e =\ 37 13\ P |
s * 3 n dmyp

p : momentum transfer D = Ymu

v : number of particles
32
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b) For ideal Fermi gas, in the zero temperature limit, show that the number density of gas

ng) and Fermi momentum (pg) are related by
g

2T
where ¢ is the degeneracy.

Considar cimple case  (T=0)

d?’/ﬂ —> An‘f?‘df
daﬁdl/ ~ /3 dV
d/VCf)d/D - XX e - < <X - fzj;l’?
_ O

tecpydp STPOP

eCP)Cp = ,?

_ (87 . 8T
me—So 1w PP s

o E

oo 803 P(T=0) =0 from A’?A[;}hg

[r\]l S’{VC‘\LG.Q LUHL’ Eé Eg Qre
Occwfv}eol Cdﬁg@t(ﬁV@+@)
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Non-relativistic

c) In the non-relativistic limit, show that

A7 1
Piow = g X — X — X P9
deg =97 333 " 5 T FF

and I' = 5/3 and n = 3/2. Why is I' the same as v obtained in a) despite the difference
in their physical origin?

Ultra-relativistic

d) In the full relativistic limit, show that

4T ¢ 1
Pdeg:gxgﬁxipr

and I' =4/3 and n = 3.

34



Degeneracy Pressure

B dA
b — Dpx=2F,
.Fs /@) l? dk* ngﬁ O‘p MAQ)MW“L[AAM
n Ny =~ : |
- . //~ p a3 0{) { a/@/"LfC[@@
dby 2ty 2B - 2BTy
5 JA " dAdt T dA /vy T AV By =L po
S T \ 1 die ‘o ecch sl 2 V=Dl = JUS+V3+ D7 =3 0%
ud ‘Tfn@ *POYQQ Fer UWAT aAarea .J E0CN CO 1Ihg m 'j
m -
- p= 577
o P_ S” AN 2FVx d
%‘ “Jo 2 JV F qu: 3 B«
= Couly holf) of electhons are wovims (- 0/
+n ok oy Givow time P@:E oMaCF}F(V P
0. 877;{5‘ o
e” 3 ), VIOF




Degeneracy Pressure

-
= 555 ), VPP
p= Am E =
| - P Pcz
| V= — - L= _
£ ’ g E
2 A9
e PR
A | ol s
g e 2 ¢ \OD"C *+ mg C
X
S




&
Qo
o

@

-
a
fd

-

O
=

-
s

non-relativistic

c) In the non-relativistic limit, show that

Pdeg:gx

and I' =5/3 and n = 3/2. Why is I' the same as v obtained in a) despite the difference

in their physical origin?

47 1

o3 X 5 X Py

3h3  5m

&7l phc®
Pl ==

ﬁ“c “+ mg Ot
1) Mon- V’@la‘lf V@‘AC I F'C“-:—me?:‘f
Sic &
T 5 KPnle 7
P= Ko p7
) - 275 h”
P70 [ Me m,f/g/,{e%
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ultra-relativistic

d) In the full relativistic limit, show that

4T ¢ 4
Pdeg:gxg’?xzpr

and I' =4/3 and n = 3.

81 (lF  phc®
fosil Zammm o

E’ e B 09%‘4— Mme C*
o)
O
m "
E i) —pxllé r@[m(fm?,.)tt‘c J/?ZC“—f—me’c‘f ~ /,o
B - RTC 4
= F= 24> [

p=k p”°

2%3 hC 124 x/ﬂo

Ka =

S M e T M
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e) For typical white dwarfs (p ~ 10° g cm™?) and neutron stars (p ~ 10'* g cm™?), compare

the magnitudes of degeneracy pressure (Fyeg), kinetic pressure of the ideal gas (Fii,) and

radiation pressure at k7°'=1 MeV, 1 keV and 1 eV.

1
Piotal = Pieg + kT + ~aT"
m 3

where k =14 x 1070 erg K71 =8.6 x 107° eV K1,

Withad nuclear yeaction , stor will cadwad
to the c!aom{um [

de Bro 9)&6

E ~2kT
x electa  will yeach ?uownlum dowtasm et

1
20°C = 203K ~ —
(OC 93 4OeV)

Check
I-]D we ASSUME ?fn\[u-/yam[rc/e gefaraﬂlmu NEZ

—5 ‘t"‘“"*‘““ deow.oun
oy 8”(,:(3”’&/?7—)%'
fquw%m A
With — T= 16 xit*K

Fc‘uowntwl 4 bho 8/0«&5

SC&J’QY')Q(J»‘ ” /¢08/0“43
f

C,(aC<;7GOLQ
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L ane-Emden Equation

dP(r) _ GM (r)p(r)
dr 12 1

2
o r< dr
D _ampry

dr

40



p = pc0”

center f(0) =1, 0'(0)=0

surface  g(&) =0 —p P = o =10

41



Constants of Lane-Emden equation

d&n)
dt/ & =&

n £ —E: ( e 'ﬁ
& T A L 2 .4404 4 .8038 I.0000
BliEee sl 2.7528 el v 1.8361 |
O 2 TATEO 3.14150 3728087
B 5w e, 3.05375 2.71400 500071
) e e e ok i 4.35287 2.41105 I1.40254 |
I R 5.35528 2. 18720 23 .40046
I e 6.80683 201824 54.1325
RiEc . EORER S 8.01804 1.94080 88.153
R 0.53581 I1.39050 152.88%
W o TR 14.97155 T. 70723 622 . 408
ARuns e G 31.8306046 I.73780 618g.47
B o PO - 100.47 I.7355 034800
1 = TR oo I.73205 o

Stellar Structure by S. Chandrasekhar
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Polytropic Structure

n : polytropic index

A — —
i ~3/2 |

AV — A (n+ 1)K, (3-n)/2n ( 2d_0> l

47TG il df €:€1 ”

— = e == == g S —— — — — _ = _ R - -

Ultra-relativistic

4 ) . 3\ he (Z\'? 4
_ — T, — €: — —
773 &7 4mf§/3 A P

43



Chandrasekhar limit e = A/Z ~ 2 for He, C, O, ..

Ultra-relativistic N = g n=3

f - - - )
1 9\ 2
» M = 1.457 (—) M,
He ;
—1/3 2/3

c 2
R = 3.347 x 10 ( . 3) (—) km 4

I
|
)/

Mass is independent of central density



White Dwarts - electron degeneracy pressure

n=3

Ultra relativistic

45



White Dwartfs

ue = A/Z ~ 2 for He, C, O,..

Non-relativistic ~ — ? " — §
3 2

Pc

R =1.122 x 10* (

R

109 g cm—

M = 0.7011 (

—3 9 5
— | M
10 km> (Ne> .

—1/6 5/6
2
3> (—) km
e

4
Ultra-relativistic 7/ — § n=3a

De ~1/3 /o \ 2/3
R = 3.347 x 10* = km
106 ¢ cm—3 Lle

9 2
M = 1.457 (—) Mg
fhe

independent of central density
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[Problem 2] At zero temperature limit, when the compact star is in a hydrostatic equilibrium
with spherical symmetry, compact star equation of state can be obtained by solving TOV
(Tolman-Oppenheimer-Volkoff) equation

dP(r)  GM(r)e(r) (1 : f((:))) (1 : 4;(352)) (1 2G£(r)>—1

dr c2r?
where P(r) is the pressure, €(r) is the energy density and M (r) is the enclosed gravitational
mass Mq(r) for a given radius r. The gravitational and baryon masses of the star are defined

by

R e(r
Mg(r) :/0 47r'r2i—2)

c2r

Mu(r) =mgy /OR drdmrn(r) (1 QGM(T))_lﬂ

where m 4 is baryon mass and n(r) is the baryon number density.

47
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a) In the Newtonian limit (P < € and GM/c* < r), with polytropic EOS, show that TOV

equation can be reduced to Lane-Emden equation

1 d ,do

2 . an
gt a - "

with p = p.0", r = a&, and

N A7 G ’

where p. is the central density of a star.

Céfi’: = 477)"2F
dF . Gt My

U—F

ar =
QdF) - — (—Gﬂr):-—é»Tfo’

F’“dr(f?

| 4 /r2dp
F*C‘r ? dr):—zﬁ'ﬁcfy

48
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b) The Lane-Emden equation can be solved with boundary conditions at the center;

For n <5 (or I' > 6/5), the solution decreases monotonically and have a zero at a finite

value £ = &;1: 0(&1) = 0 (see Table 1 for numerical values). This point corresponds to the
surface of the star, where P = p = 0. Show that the mass of the star is given as

,do

_ (n+1)Kn]3/2 (3—n)/2n (
AI-4m'[ e )

Table 1: The constants of the Lane-!

i), .

1

“mden functions.

e d8,, .,
n & —£7 ( 3 ) s Pe!D

s TR R R 2.4404 4 .8038 I.0000
'« 151 - RN 2.97528 27891 1.8301
o S 3.14150 3.14150 3728087
D R ot esan 3.65375 2. 71400 599071 |
< 57 SRR A ZEIRT 2.41105 I1.40254
R S Rt 5.35528 2. 18720 23 406046
BilChsosiwiabied 6.80685 2.01824 X Thae
0 8 .01894 1.04080 88.153
R, 0.53581 I.80056 152.884
RO i o 14507 eE refonas 622 408
A Ros ooy e 31.83646 I.73780 6189.47
B R 109 .47 I. 7355 034800
Y e e s o I.73205 o
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c) In the full relativistic and Newtonian limit, show that the mass become independent
of radius. This implies that there exist maximum mass (Chandrasekhar mass) for the
compact stars (for which quantum degeneracy pressure dominates). What is the value of

the radius-independent mass?

(n+ 1)K,

A7 G

22T

3/2

£3—n)/2n

().

; dfy,
i é = ( dE ) £ =& fefd
T DRSO 689685 2.01824 5;1_._ 1825

o 0 (§) G 2™

5 10| =z018

Mot = 146 (}%)ﬂﬂe

50



d) In the Newtonian limit, show that the radius becomes independent of mass when n = 1.
Note that n = 1 is possible only when the system is far from an ideal Fermi gas; i.e.,
interactions are non-negligible. What is the value of the mass-independent radius?

with p = p.0", r = a&, and

(n n 1)Knp£1—n)/n

(1 —
= 4G
Qo
o)
O
0 Table 1: The constants of the Lane-Emden functions.
_,?_; f
it da |

- g 5 =k ( dfn) Eef et E
s

PR T B 2 .4404 4 .8088 I.0000

5, = S S, 2.7528 Gt 1.8301

W o S 3.14150 3.14150 3728087

Sut, we don’t know K7 unless we know the interactions !




White Dwartfs

ApJ 530, 949 (2000)

3.0

4He7 120

25 |

2.
o 0
o
II:I_I-70:I g 1.5
-
1.0
56Fe 0.5
0.0 § ! ] ! | ) | ] | ] | ] | ! |
B0 02 G4 O 8D o g
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X2k



White Dwartfs

ApJ 530, 949 (2000)

1

00 |

100B\B©

H} 7
L- O

4He7 120
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Neutron Star Formation from Fe Core Collapse

When Fe core reaches Chandrasekhar Limit (n : neutron)
Nuclear Photodisintegration

v +°°Fe — 13 *He 4+ 4 n (124 MeV is consumed)

v+*He — 2 p+ 2 n (28.3 MeV is consumed)

Eeonsumed (10°p) ~ 1.4 x 10°% erg ~ 10 year with L

Neutralisation
core collapse =P NS + Supernova

¢ TP Il R ~ 1500km

— 516 H6
e +°"Fe —=""Mn+ v, Rng ~ (’)(10km)

e” +MnFe 56 Cr 4 1 Teal ~ & few seconds

55



General Relativity

hydrostatic equilibrium

P _ GMp P _
dr r? dr

dM
dr

aM

— 47TT2/O W — 47TT2 (i)

2G M

GMp P 47t Pro
: 1+ — 1 - : 1
r pC Mec
-2

T include all energy sources

physics of dense nuclear matter
(strong interaction)

rc?

%
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Without general relativity

n : polytropic index

S7
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Without general relativity

n=1/(y—1)
y=(n+1)/n

ultra-relativistic

S
—~

~ _

=
/// ~
/ - N

matter with strong interactions -
,\ v 2 (n~1) *
n <1
v > 2

T iIncrease central density

R
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qtuark—hybrld traditional neutron star
star

hyperon

star neutron star with

pion condensate

Fe
absolutely stable ‘ 6 3
strange quark | 10 giem
matter 10 11 alem 3
1014 glem :

strange star
nucleon star

=




CoFSE SMRIE TF AU A
"3
2
=

3 10 12 14 16
Radius (km)

with general relativity & strong interactions ! N



Q) Which EOS ?

H. T. Cromartie, et al.

Nature Astronomy (2019).

Tidal deformability of NS from GW
Strangeness in NS

MSP J0740+6620 2.5- K
50 prefer soft EOS
214753 Mo 2.0 -
I_IG . . - o Y N
= 1.5- | =
| NV
< 1.0- J0030+0451 by NICER (2019)
prefer harder EOS >4 === Skid+hyp
= | T/ QUOKI — SGl —==_SGIl+hyp.
— >Sly4 —
0.0 ' I T 1
8 10 12 14 16
Neutron Star-White Dwarf Binaries Radius [km]

1.97 solar mass NS : Nature 467 (2010) 1081
2.01 solar mass NS : Science 340 (2013) 6131

IUMPE (2020) Kim, Lee, Kim, Kwak, Lim, Hyun
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What’s inside black hole ?

quantum gravity

/“ S =

|
|

[ [ c? [c? | [2¢

hc hc he

N —— E N —)}8mm N —m)m}/m — = —

M c2 A 27l [
T *' — —
~‘ lPlaan ~ 10_33 CIl ‘
| l |
tPlanck — Planck ~ 10_43 S {i
-~ ) c

gravity ~ Pquantum?

~ GMm GE G he  Gh ,

Ty ~ " — —=—71, ~ 1TNC
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+EFol - 17 &A%Y, O|2H, Elsewhere

NP,

\_/

Elsewhere(&thZ O|2H)

T}
O L—

Elsewhere(&CH& O|2H)

o1}

Elsewhere(&th& 1t7H)

Elsewhere(&th& 1tH)
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Godel & Einstein

20| F &

Kurt Godel 1906-1978
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