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det (thermal): P ~ T
2 A2} (radiation): P ~ T*#

ZE|2 (degenerate): P ~ p*
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Thermal Pressure Degenerate Pressure

characterized by kinetic motion characterized by quantum states



Equation of State of White Dwarf

4.5
nm,c 1L/72 1
F=—5 [xF(1+x%)2<§x%—1>+ln xp+ (1 +x7)° ]
_Bamic [ 5 L5 f |
T s T g T P s - non-relativistic limit
2emic? [ L 5
=33 P In (2xp) + for x> 1 : ultra-relativistic limit

1/3

Recall that pp = m,cx ~ nl? ~ p'3,

Above asymptotic limit of the pressure gives polytropic equation of state i.e., P = Kpr.

I =

: non-relativistic

| =

: relativistic

W[~ WwW|wm
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Equilibrium Structure of Star

Fluid equation (Euler equation).

1. Continuity Equation
dp R
—+V-(pv)=0

p” (P V)

2. Momentum Equation

a—)
p7:+p7-v7+vp=—pvq>

3. Energy Equation
de

P
p—+ 7V -Ve+—V- -V =0
ot p

For spherical star (non-rotating, non-magnetized), LHS of 1. Continuity and 3. Energy equation
is 0. The remaining equation is 2. Momentum equation and can be rewritten in spherical

coordinates as

dP GM r 1 d [ r*dpP
= r where Mr = 475[ Nrdr ‘ = —47G
dr P ) 0,0() rzdl’<p di’) P



Lane-Emden Equation

1 d [ r*dP _ .
= —47xGp Polytropic equation of state: P = Kp' = Kp!+!/N
r2dr \ p dr

This equation can further be reduced to dimensionless form by writing

(N + D) Kpp~!
drG

12
p=p0" r=a& a= ] , Where p_ is the central density.

1 d <§2d9> — R — Lane-Emden Equation
£2de\” de)

o)

r

Boundary condition: 9(0) = 1, 0.

Analytical solutions are available for particular N values (N=0, 1 and 5)

SIS Eor N=5, 9(¢) =

For N=0, 0(&) =1 — 152, For N=1, 6(¢) =
6 V1+ &3
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Solution of Lane-Emden Equation

222

oO—=0

Conventionally, the equation of state is
e hard (stiff) when I is large or N is small.

e soft when I is small or N is large.

Density gradient with respect to £ is
e small for hard EoS.
e |large for soft EoS.

Recall that the EoS of relativistic
degenerate gas (N=3) is softer than that of
non-relativistic gas (N=1.5).
e Relativistic degenerate gas can form
more compact star than non-relativistic
counterpart.

N=5 solution can extend to infinity while
the total mass of the solution is finite.



Mass - Radius Relation

N+1)K 1-wn
R=aé, = ( 7 G) pclzN S A star dominated by degenerate pressure
d becomes smaller as the mass of the star
R : increases. This is the opposite of common
M = J 47zr2pdr=47m3pc[ 20N dr sense that we generally know. (1<N<3).
0 0
> d do
= —47m3pcI — <§2—> dé
o ds d¢é
= —dxa’pLEl |0 (&)
3/2
N+ DK 3N,
=47[ 2N 8/
4nG P & (és)
N
v |(N+ 1)K |¥-T s5-3n
M (R) = 4zRT=% =N | g
(&) drG > <§S>




Chandrasekhar Mass

As we see in the previous slide, total mass and radius of a star with polytropic EoS are independent
on then central density when N=3 that corresponds to the relativistic Fermi electron gas.

0 —1/3 Y 2/3
R = 3.347 x 10*km < -
106g/cm—3 0.5

Y 2
M =M, = 145TM, (0‘;)

The Chandrasekhar limit occurs when it asymptotically approach to p. — co which correspond to
the relativistic environment. Resulting radius of the star is zero.

White dwarf with larger than Chandrasekhar mass cannot exist since a star with N>3 is unstable
under radial pulsation. This fact will appear soon.



Relativistic Approach

To quantify how relativistic the object is, we can consider two dimensionless quantities as follows:

Relativistic Objects

Black hole: R = 2GM/c? (Schwarzschild BH), R = GM/c? (Extreme Kerr BH) -> £ = 0.5 ~ 1.
Neutron Star: M ~ 1.4M,, R ~ 10km -> £ ~ 0.2.

P~ lms->p~0.2
Jet: f > 0.99.

Newtonian Objects

White Dwarf: M ~ Mg, R ~ Rg -> £ ~ 0.0003, 8 ~ 0.0003.
e Sun: M ~ IMg, R~ 1.4Xx10%m->¢ ~ 107° < 1.




General Relativity

Albert Einstein proposed a new concept for studying the gravity.

e His idea was summarized in one sentence by John Wheeler.

“Space-time tells matter how to move, matter tells space-time how to curve.”
* |n general relativity the stress energy tenser of perfect fluid and matter current are defined as
T% = pohuu® + Pg®, J% = pou®,
where p,, h and u® are rest mass density, specific enthalpy and fluid 4-vector, respectively.

e Then the Einstein equation and fluid (Euler) equation in curved space-time can be written as
1
(1) Gab = Rab _ ERgab = 87[Tab'
(2) vV, T =0, V,J*=0.

e Equation (1) shows that “matter (fluid) tells space-time how to curve”.

e Equation (2) represents that “space-time tells matter (fluid) how to move”.



Equilibrium Structure

e General relativistic counterpart of the Lane-Emden equation Tolmann-Oppenheimer-Volkoff

(TOV) equation which is written as follows (Tolman 1939, Oppenheimer & Volkoff 1939)
P __Gm (  PN\( 4P\ ([  2Gm ~dm i
— = —— — — , —— = 4xrp.
dr r2 P pc? mc? rc? dr P

where p = p, + pye = poh — P. Here p contains all the energy sources (rest mass as well as

internal energy).

e The space-time metric in this equation is

2GM

rc2

—1
ds? = — e’c2di? + (1 — ) dr* + r* (d6* + sin* 0d¢?),

where v is determined by the constraint,
dv B 2 dP
dr P+pc?) dr

e Schwarzschild metric can be imposed for the boundary condition at the surface of the star.
2GM

re2

e’ =1-

e Detailed derivation will not be covered in this lecture. Please read reference books if you want.



Rest Mass Density (p,)

Solution of TOV Equation

Solution of TOV equation using polytropic equation of state with N=1, K=100.
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e Same turning point method (even in relativistic calculation) can be applied to the neutron star.

dM

p max

dM

p max

< 0 or — > 0: Unstable.
dR

M
> (0 or d— < 0: Stable,
dR

dM

13
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Different EoS

1.4 solar mass neutron star with various EoSs M-R relation
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Einstein field equation

1
Gab = Rab — ERgab = 87[Tab dx? + dy2 + dZZ

Metric assumption

ds? = — 04 + X0 (dr? + 12d0° + 12 sin> 0dgp?)

Non-zero Christoffel symbols

r,=T,="v,
L=, Ty =4, Th=—-r’2'~r1, I =-—sin*0(r*) +1),

1
F%: Fgr=/1’+—, Fg)qb = — sin 6@ cos 0,
r

b cos @
¢9  sin @

1
¢ —_T1¢ =) 4+ _ ¢ —
Fr¢—F¢r—/l +r, F9¢ I



Einstein field equation

G

a

1
b= Ryp— ERgab = 8nTy,,

Metric assumption

ds* = — e*0dt* + >0 (dr* + r*d6* + r* sin” 0d¢?)

Einstein tensor We will choose

4
Gl =™ [ +21" + =1, G = e
I

4
(ﬂ,)2+2/1”+_ﬂ,
r

= 8T} = — 8x (ph — P),

9

[ )
G =e2[2WV+W)V +=ZW+41)
I

7 N2 Y 2/
v+ W) + VA +—u

i r —2A

0 _ — 24
Gj=Gj=e

1
W)Y+ + 1+ = W + 1)

= 8x (T} — T}) = 8z (ph + 2P)



|deal fluid
T = phu®u® + Pg?

vV, T% =0

7' VT
=9, T+ T4 T -1 T¢

1
— ,—aa (\/ —ng) _ F];?aTa

=P +phv' =0

Inh + v = const.
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Newton - Raphson Method

[

[ Xpp1 = X, = J(5,)/1 (%) )

J(x) 4




J

Secant Method

[

||||||

[ X+l = Xy _f(xn) [xn — xn—l] / [f(xn) _f(xn—l)] }

J(x) 4
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o=l =L
Sot A2 H

—

1 1
fxo + Ax) = fxo) +f (o) Ax + = F(xg) Ax* + 3 (%) Ax’

1 1
fxg — Ax) = f(xy) — f(xg)Ax + 5f"<xo>Ax2 - gf"xxo)Ax?’

4

~
o Jg+ Ax) = fxg — Ax)
S ) = 2Ax
/1 _ f(x() + AX) — zf(xO) +f(x() — AX)
S (xo) = >
Ax
_J

Centered differencing



o=l 3L
ot A=

—

1 1
f(xg + Ax) = f(xg) +f(xp) Ax + 5f"<xo>Ax2 + gf”’(xO)Ax3

flxg+ 2Ax) = f(xg) + 2f (xp)Ax + 2f”(x0)Ax2 + g f”’(xO)Ax3

4

~

, —f(xg + 2Ax) + 4f(xy + Ax) — 3f(x)
f (xo) =

2Ax

’ flxg +2Ax) — 2f(xy + Ax) + f(x)

f (xo) = >
Ax
)

Forward differencing



Jx) 4

f(xo + Ax)-

S(xp)

f(xg — Ax) -

Xo — Ax Xo Xo + Ax



h bp) f In=2 In-1 I
d2
— = g(x)
2
dx X1 %) X3 AN=2 AN-1 AN
D —
Xmin X — X *max
Ax — max min
N-1
a ) 4 N
) n+1 n / 0r
rp=Jip1 — 2+ i — &Ax L= y
l
N —— D —



(Multigrid method).
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Solution procedure

| A(s), 1(s) l = | SR 4; AAZEA '

| Inh@$) +us)=C ‘-l r2, C l

Check the relative changes!
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